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Introduction
Let ( ˜ 4 ˜) be a quaternionic Ka¨hler manifold where ˜ is the metric and
⊂ End ˜ is the quaternionic structure. We will always assume that ˜ 4 has non
zero scalar curvature. A submanifold 2 ⊂ ˜ 4 with induced metric is called an
almost Hermitian submanifold if it is given a -orthogonal almost complex structure
on which is induced from a section 1 of the bundle | → . This means
that 1 = ∀ ∈ and = 1| .
An almost Hermitian submanifold ( 2 ) is called Hermitian if the almost
complex structure is integrable, almost Ka¨hler if the Ka¨hler form = ◦ is
closed and Ka¨hler if is parallel. In the first section we study an almost Hermi-
tian submanifold ( 2 ) of a quaternionic Ka¨hler manifold ˜ 4 . We give differ-
ent conditions for an almost Hermitian submanifold to be Hermitian. For example, we
prove that any analytic complete almost Hermitian submanifold of the quaternionic
Ka¨hler manifold ( ˜ 4 ˜) with positive scalar curvature is Hermitian if dimR =
4 (Theorem 1.4). We prove that any almost Ka¨hler submanifold 2 6= 3, of a
quaternionic Ka¨hler manifold ˜ 4 is Ka¨hler and, hence, a minimal submanifold and
give some local characterizations of such submanifold. In particular, by completing a
known result of K. Tsukada, we prove that an almost Hermitian submanifold is
Ka¨hler if and only if it is totally complex, i.e. it satisfies the condition
2 ⊥ ∀ ∈
where 2 is a section of | → which anticommutes with 1. In Section 2 we
study Ka¨hler submanifolds 2 in a quaternionic Ka¨hler manifold ( ˜ 4 ˜). Using
the isomorphism 2 : → ⊥ between the tangent and the normal bundle, we
identify the second fundamental form of with a tensor = 2 ◦ ∈ ⊗
2 ∗
. This tensor at any point ∈ belongs to the first prolongation of the space
⊂ End of symmetric endomorphisms anticommuting with and the associated
covariant tensor ◦ has the form = + where ∈ 3 ∗1 0 is a holomorphic
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cubic form.
The Gauss-Codazzi equations written in terms of the tensor take a simple form.
We show that the second Gauss-Codazzi equation is equivalent to the first. In Subsec-
tion 2.3 we study the case when 2 is a Ka¨hler submanifold of a (locally) symmet-
ric quaternionic Ka¨hler space ˜ 4 . We get the necessary and sufficient conditions for
2 to be a locally symmetric manifold in terms of the tensor . In particular, if
is curvature invariant, i.e. if the curvature ˜ of ˜ at a point ∈ satisfies the con-
dition
˜( ) ⊂ =
then is a (locally Hermitian) symmetric manifold if and only if the u( )-valued 2-
form
[ ] : ∧ 7→ [ ] ∈
(which satisfies the first and the second Bianchi identity) is parallel.
If ˜ 4 is a quaternionic space form, then any Ka¨hler submanifold is curvature
invariant. Hence, it is symmetric if and only if the tensor [ ] is parallel.
The Section 3 is devoted to a classification of Ka¨hler submanifolds 2 of a
quaternionic Ka¨hler manifold ˜ 4 with parallel non zero second fundamental form ,
or shortly, parallel Ka¨hler submanifolds. In terms of the tensor , this means that
∇ = ω( ) ◦ ∈
where ω is the 1-form defined by (2.2) and ∇ is the Levi-Civita connection of .
We prove that any parallel submanifold ( ) which is not totally geodesic admits
a parallel holomorphic line subbundle of the bundle 3 ∗1 0 such that the con-
nection induced on has the curvature = ν ◦ , where ν is the reduced scalar
curvature of ˜ 4 . We give the classification of all such Ka¨hler manifolds 2 with
parallel holomorphic line bundle of cubic form. All of them are Hermitian symmetric
spaces. Moreover, the remarkable Tsukada results [20] show that all these manifolds
2 admit (an explicitly described) realization as non totally geodesic parallel Ka¨hler
submanifolds of the quaternionic projective space H . The similar problem of real-
ization of 2 as parallel Ka¨hler submanifolds of other Wolf spaces (i.e. symmetric
quaternionic Ka¨hler spaces) remains open.
1. Almost Hermitian submanifolds of a quaternionic Ka¨hler manifold
(M˜4n Q g˜)
1.1. The structure equations of a quaternionic Ka¨hler manifold M˜4n Let
( ˜ 4 ˜ ) be a quaternionic Ka¨hler manifold that is a Riemannian manifold ( ˜ 4 ˜ )
of dimension 4 with parallel quaternionic structure , i.e. a rank-3 subbundle of the
bundle of endomorphisms locally spanned by a triple of locally defined anticommuting
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-orthogonal almost complex structures = ( 1 2 3 = 1 2). is called a local
basis of . Since is parallel, one can write
(1.1) ∇˜ α = ωγ ⊗ β − ωβ ⊗ γ
where ∇˜ is the Levi-Civita connection, the ωα, α = 1 2 3, are locally defined 1-forms
and (α β γ) is a cyclic permutation of (1 2 3). Moreover, if > 1 then the metric˜ is Einstein [5] and the 1-forms ωα satisfy the following structure equations (see [1,
Th. 5.7]):
(1.2) ωα + ωβ ∧ ωγ = −ν α
where ν is the reduced scalar curvature related to the scalar curvature by ν =
/4 ( + 2), α = ˜ ◦ α, α = 1 2 3, are Ka¨hler forms and the exterior differential of
a 1-form ω is given by ω( ) = · ω( )− · ω( )− ω([ ]) ∈ ˜ . By
taking the exterior derivative of (1.2) we get
(1.3) ν( α − β ∧ ωγ + ωβ ∧ γ) = 0
We recall also that the following identities for the curvature tensor ˜ hold:
(1.4) [˜( ) α] = −ν( γ( ) β − β( ) γ)
For = 1 the formula (1.2) and all the following results remain true if we assume
that the metric ˜ is Einstein and anti-self-dual (i.e. the self-dual part + of the Weyl
tensor vanishes). This will be assumed in the following.
1.2. Almost Hermitian submanifolds of M˜4n Let ( 2 ) be a submanifold
of a quaternionic Ka¨hler manifold ( ˜ 4 ˜) with induced metric = |˜ and is
a -orthogonal almost complex structure on 2 . The manifold ( 2 ) is called
an almost Hermitian submanifold of ˜ if there is a section 1 : → | such that
1 = ∀ ∈
and = 1| .
If the complex structure is integrable, then ( ) is called an Hermitian sub-
manifold.
REMARK. Note that the section 1 of | is uniquely defined by .
For any point ∈ 2 we can always choose a local basis = ( 1 2 3 = 1 2)
of defined in a neighborhood ˜ of in ˜ 4 such that 1| ( ∩ ˜ ) = . We will call
it an adapted basis for ( 2 ). Since our considerations are local, we will assume
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for simplicity that ˜ ⊃ 2 and we put
= 1| ω = ω1|
For any ∈ we denote the maximal quaternionic (i.e. -invariant) subspace
of the tangent space and write
= +D
where D is the orthogonal complement. Note that if ( 1 2 3) is an adapted basis
in a point ∈ then = ∩ 2 .
Recall that if is a submanifold of a Riemannian manifold ( ˜ ˜) and ˜ =
+ ⊥ is the orthogonal decomposition of the tangent space ˜ at point ∈
then the covariant derivative ∇˜ in the direction of a vector ∈ can be written
as:
(1.5) ∇˜ ≡
(∇ −
∇⊥
)
that is,
∇˜ = ∇ + ( ) ∇˜ ξ = − ξ +∇⊥ξ
for any tangent vector field and any normal vector field ξ on . Here ∇ is the
covariant derivative of the induced metric on , ∇⊥ is the normal covariant deriva-
tive in the normal bundle ⊥ which preserves the normal metric ⊥ = ˜ | ⊥ ,
= ( ) ∈ ⊥ is the second fundamental form and ξ = ξ , where
ξ ∈ End is the shape operator associated with a normal vector ξ.
We will use this notation in the sequel.
Theorem 1.1 ([2]). Let ( 2 ), > 1, be an almost Hermitian submani-
fold of the quaternionic Ka¨hler manifold ( ˜ 4 ˜). Then
(1) the almost complex structure is integrable if and only if the local 1-form ψ =
ω3 ◦ − ω2 on 2 associated with an adapted basis = ( α) vanishes.
(2) is integrable if one of the following condition holds:
a) dim(D ) > 2 on an open dense set ⊂ ,
b) ( ) is analytic and dim(D ) > 2 at some point ∈ .
Proof. (1) Remark that if is an almost complex submanifold of an almost
complex manifold ( 1) then the restriction of the Nijenhuis tensor 1 to the sub-
manifold coincides with the Nijenhuis tensor of the almost complex structure
= 1| .
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Using this remark, we can write
4 ( ) = [ ]− [ ]− [ ]− [ ]
= 4 1 ( ) = (∇˜ 1) − (∇˜ 1) + (∇˜ 1) − (∇˜ 1)
and hence
4 ( ) = [ω3( )− ω2( )] 2 − [ω2( ) + ω3( )] 3
−[ω3( )− ω2( )] 2 + [ω2( ) + ω3( )] 3
for any ∈ , where ( 1 2 3) is a local adapted basis. This implies (1).
(2) We assume that is not integrable. Then the 1-form
ψ = (ω3 ◦ − ω2)|
is not identically zero, by (1). Denote by = −1ψ the local vector field on associ-
ated with the 1-form ψ and by ′ the projections of onto and D respectively.
Now we need the following Lemma.
Lemma 1.2. Let ( 2 ), > 1, be an almost Hermitian submanifold of
a quaternionic Ka¨hler manifold ( ˜ 4 ˜). Then in any point ∈ 2 where the
Nijenhuis tensor ( ) 6= 0, or equivalently the vector 6= 0, the subspace D is
spanned by ′ and ′ :
D = span{ ′ ′ }
In particular D = 0 if dim is divisible by 4.
Proof. Remark that
4 ( ) = 2
[
ψ( ) − ψ( ) − ψ( ) + ψ( )
]
∈ 2 ∩ =
for any ∈ . This shows that for any ∈ the vector[
ψ( ) − ψ( ) − ψ( ) + ψ( )
]
∈
For = = −1ψ, the last condition says that
:= | |2 − ψ( ) + ψ( ) ∈ ∀ ∈
By projecting the vector to D for = ∈ and = ′ ∈ D respectively we
get the equations:
(1.6) −ψ( ) ′ + ψ( ) ′ = 0 ∀ ∈
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and
(1.7) | |2 ′ − ψ′( ′) ′ + ψ′( ′) ′ = 0 ∀ ′ ∈ D
where ψ′ = ◦ ′ ψ = ◦ . The last equation shows that D = { ′ ′} when 6= 0.
The Lemma implies statements (2)a) and (2)b) since in the analytic case the set
of points where 6= 0 is open and dense and dimD ≤ 2 on .
Corollary 1.3 ([2]). Let ( 4 ) be an almost Hermitian submanifold of di-
mension 4 of a quaternionic Ka¨hler manifold ˜ 4 . Assume that the set of points
∈ where the Nijenhuis tensor of is not zero is open and dense. Then is a
totally geodesic quaternionic Ka¨hler submanifold.
Proof. By Lemma 1.2, in a point ∈ one has dimD = 0 or 2. The sec-
ond case is excluded by dimensional reason. Then is a quaternionic, hence totally
geodesic, submanifold of ˜ . This implies that is quaternionic.
As another corollary we get the following theorem.
Theorem 1.4 ([2]). Let ( ˜ 4 ˜) be a complete quaternionic Ka¨hler manifold
with positive scalar curvature. Then any analytic almost Hermitian submanifold
( ) of dimension 4 with complete induced metric is a Hermitian submanifold.
Proof. Assume that the almost complex structure is not integrable. Then by
Theorem 1.1 and Corollary 1.3, is a totally geodesic quaternionic Ka¨hler submani-
fold. It is known that it has the same (positive) reduced scalar curvature as ˜ . Hence
it is a compact quaternionic Ka¨hler manifold. By [4, Theorem 3.8] such manifold has
no almost complex structure. Contradiction.
1.3. Almost Ka¨hler, Ka¨hler and totally complex submanifolds
DEFINITION 1.5. An almost Hermitian submanifold ( 2 ) of a quaternionic
Ka¨hler manifold ( ˜ 4 ˜) is called almost Ka¨hler (resp., Ka¨hler) if the Ka¨hler
form = ◦ is closed (resp., parallel).
Theorem 1.6. Let ( ˜ 4 ˜) be a quaternionic Ka¨hler manifold with non van-
ishing reduced scalar curvature ν. Then any almost Ka¨hler submanifold ( 2 ),
6= 3, of ˜ is Ka¨hler.
If = 3, then = ¯ + D where D is two-dimensional distribution and ω2 ◦
2| = −ω3 ◦ 3| .
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Proof. We will show that = 0 on . Assume that there exists a point ∈
where | 6= 0. We will prove that this leads to a contradiction. By identity (1.3), the
condition that the Ka¨hler form = 1| is closed can be written as
(1.8) 2 ∧ ω3 = 3 ∧ ω2
where α ωα are the restriction of the forms α ωα to .
CLAIM 1. If dim > 4 then ω2 ( ) = ω3 ( ) = 0; if dim = 4 then
(ω3 ◦ + ω2 ) ( ) = 0.
It follows from the lemma below.
Lemma 1.7. Let ( ) be an Euclidean vector space with a (constant) quater-
nionic structure = span( 1 2 3) and α = ◦ α Ka¨hler forms. Then the equation
2 ∧ ξ = 3 ∧ η
for 1-forms ξ η has a non trivial solution if and only if dim = 4 and all solutions
are given by
(ξ = η ◦ 1 η) ∀ η ∈ ∗
Proof. Assume that dim = 4 > 4 and (ξ η) is a non trivial solution. Then, for
any ∈ there exists a unit vector such that ⊥ . Then
( 2 ∧ ξ)( 2 ) = ‖ ‖2ξ( ) = ξ( )
= ( 3 ∧ η)( 2 ) = 3( 2 )η( ) = 0
and
( 2 ∧ ξ)( 3 ) = 0
= ( 3 ∧ η)( 3 ) = ‖ ‖2η( ) = η( )
Hence ξ = η = 0 and we get a contradiction. If dim = 4 then any solution (ξ η)
satisfies the identity
( 2 ∧ ξ)( 2 1 ) = ‖ ‖2ξ( 1 )
= ( 3 ∧ η)( 2 1 ) = 3( 2 1 )η( ) = −‖ ‖2η( )
Hence ξ = η ◦ . It is also easy to check that (ξ = η ◦ η) η ∈ ∗, is always a
solution.
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CLAIM 2. If dim ≥ 4 then ω2 (D ) = ω3 (D ) = 0.
To prove it we calculate both sides of equation (1.8) on vectors 2 , where
is a unit vector from and ∈ D . We get
( 2 ∧ ω3 )( 2 ) = ω3 ( ) = 3( 2 )ω2 ( ) = 0
Hence, ω3 (D ) = 0 and similarly ω2 (D ) = 0.
CLAIM 3. If = −1(ω3 ◦ − ω2) 6= 0 then dim(D ) = 2.
It follows from Lemma 1.2.
Now we can finish the proof of Theorem 1.6. Denote by the open submanifold
of ˜ where the Nijenhuis tensor of is not zero. For ∈ dimD = 2 by Claim
3 and dim ¯ = 0 4 by Claims 1 and 2. Hence if 6= ∅ then dim = 2 or 6.
But it is well known that any 2-dimensional almost Ka¨hler submanifold is Ka¨hler. This
shows that if the almost complex structure on is not integrable, then dim = 6
with the stated properties.
Theorem 1.8. Let ( ˜ 4 ˜) be a quaternionic Ka¨hler manifold with ν 6= 0.
An almost Hermitian submanifold ( 2 ) > 1 of ˜ is Ka¨hler if and only
if one of the following equivalent conditions holds:
1) ω2| = ω3| = 0 ∀ ∈
2) 2 ⊥ ∀ ∈
where ωα are 1-forms associated to an adapted basis ( α) by (1.1).
Proof. Let ( 2 ) be an almost Hermitian submanifold of ˜ . Using (1.1)
we get
(1.9) (∇˜ 1) = (∇ ) + ( )− 1 ( )
= ω3( ) 2 − ω2( ) 3 ∈
Taking the orthogonal projection on we conclude that
(1.10) (∇ ) = 0 ⇐⇒ [ω3( ) 2 − ω2( ) 3 ] = 0
where
[ ]
means the tangent part. It is clear that any one of the conditions 1) or
2) implies ∇ | = 0 ∀ ∈ , that is ( ) is Ka¨hler. To prove that the condi-
tions 1) 2) are also necessary for ( ) to be Ka¨hler, we first show that at a point
∈ where ∇ | = 0 at least one of them must hold: in fact, from the identities
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(∇ ) = [ω3( ) 2 − ω2( ) 3 ] = 0 (∇ )( ) = −[ω3( ) 3 + ω2( ) 2 ] =
0 ∀ ∈ one gets[
ω22( ) + ω23( )
][
2
]
= 0 ∀ ∈
and the claim follows immediately. Now we assume that ( ) is Ka¨hler and prove
that both 1) and 2) must hold on .
1) Suppose that 1) does not hold at ∈ . Then 2) holds on an open neigh-
bourhood of in and the structure equation (1.3) for α = 2 3 gives (ω3 ∧
1) = (ω2 ∧ 1) = 0 which imply (since dim > 2) ω3| = ω2| = 0,
by contradicting the assumption.
2) On the other hand, assume that 2) does not hold at ∈ . Hence 1) holds
on an open neighbourhood of and the structure equation (1.2) for α = 2 3 gives
ν 2| = ν 3| = 0. Since ν 6= 0 these give a contradiction.
Theorem 1.9. Let ( ˜ 4 ˜) be a quaternionic Ka¨hler manifold with non van-
ishing reduced scalar curvature ν and ( 2 ) > 1 an almost Hermitian
submanifold of ˜ 4 .
(1) If ( 2 ) is Ka¨hler then the second fundamental form of satisfies the
identity
(1.11) ( ) = ( ) = 1 ( ) ∀ ∈
In particular, is minimal (see [7]).
(2) Conversely, if the identity (1.11) holds on an almost Hermitian submanifold 2
of ˜ 4 then it is either a Ka¨hler submanifold or a quaternionic submanifold and these
cases cannot happen simultaneously.
Proof. (1) From identity (1.9) and Theorem 1.8 it is clear that if ( ) is
Ka¨hler then (1.11) holds. It implies that ( ) = − ( ). This shows that the
mean curvature vector of
n = tr( ) =
∑
=1
( ) +
∑
=1
( ) = 0
where 1 . . . 1 . . . is an orthonormal basis of . Hence, is min-
imal.
(2) Conversely, let assume that (1.11) holds on the almost Hermitian submanifold
( ). Then for any ∈ we have
(∇ ) = ∇ ( )− ∇
= ∇˜ ( )− ( )− 1
[∇˜ − ( )]
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= ∇˜ ( 1 )− 1(∇˜ ) = (∇˜ 1)
Hence
∀ ∈(∇ ) = ω3( ) 2 − ω2( ) 3 ∈
and also
∀ ∈(∇ )( ) = −ω3( ) 3 − ω2( ) 2 ∈
These imply that
(1.12) [ω22( ) + ω23( )][ 2 ] = 0 ∀ ∈
where
[ ]
means the normal part. We set
1 = { ∈ 2 = } 2 = { ∈ − 1 ω2| = ω3| = 0}
Then by (1.12) = 1 ∪ 2 1 ∩ 2 = ∅ and 1 is a closed subset and 2 is
an open subset of . We prove that 2 is also closed. The structure equations (1.2),
α = 2 3 show that 2| 2 = 3| 2 = 0. Hence 2 ⊂ 3 where
3 = { ∈ 2 ⊥ }
is a closed subset of with 1∩ 3 = ∅. This shows that 2 = 3 is a closed subset
of . Then, either 1 = ∅ 2 = is a Ka¨hler submanifold or 2 = ∅ and = 1
is a quaternionic Ka¨hler (totally geodesic) submanifold. Since the set of points of
where 2 6= is open the conclusion follows.
Corollary 1.10. A totally geodesic almost Hermitian submanifold ( ) of a
quaternionic Ka¨hler manifold ( ˜ 4 ˜) with ν 6= 0 is either a Ka¨hler submanifold
or a quaternionic submanifold and these conditions cannot happen simultaneously.
Proof. The first statement follows directly from Theorem 1.9) since (1.11) cer-
tainly holds for a totally geodesic submanifold ( = 0). To prove the last statement we
remark that a quaternionic submanifold ( 4 = |˜ ) of ˜ 4 is a quaternionic Ka¨hler
manifold with the same reduced scalar curvature ν. If is also Ka¨hler, ∇ = 0, then
it must be ν = 0 (see [4]).
DEFINITION 1.11. An almost Hermitian submanifold ( ) of a quaternionic
Ka¨hler manifold ( ˜ 4 ˜) is called totally complex if
2 ⊥ ∀ ∈
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where ( 1 2 3) is an adapted basis.
Theorem 1.12 (see also [20]). (1) A totally complex submanifold ( 2 ) of
a quaternionic Ka¨hler manifold ( ˜ ˜) is Ka¨hler.
(2) Conversely, if ˜ 4 has ν 6= 0 then any Ka¨hler submanifold ( 2 ) of ˜ 4 is
totally complex.
Proof. (1) Let ( 2 ) be a totally complex submanifold of ˜ 4 . Then using
(1.1) for α = 1 we get
(∇ ) = [ω3( ) 2 − ω2( ) 3 ] = 0 ∀ ∈
(2) is a corollary of Theorem 1.8 (see condition 2).
REMARK. The local 1-form ω = ω1| on the Ka¨hler submanifold ( 2 ) of
( ˜ 4 ˜) is the connection form of the circle bundle {sin 2 + cos 3} orthogonal
to ˜ in and the global 2-form − ω = ν is the curvature. In particular, the Chern
form 1 = ν/(2π) is an integer.
2. Maximal Ka¨hler submanifolds of a quaternionic Ka¨hler manifold
(M˜4n Q g˜)
2.1. The shape tensor CX Let ( 2 ) be a Ka¨hler submanifold of maxi-
mal possible dimension 2 of a quaternionic Ka¨hler manifold ( ˜ 4 ˜). We fix an
adapted basis ( 1 2 3) of . For simplicity we will assume that it is defined on a
neighbourhood of 2 in ˜ 4 . We have the orthogonal decomposition
(2.1) ˜ = ⊕ 2 ∀ ∈
Then the following equations hold:
(2.2) ∇˜ 1 = 0 ∇˜ 2 = ω( ) 3 ∇˜ 3 = −ω( ) 2 ∀ ∈
where ω is a 1-form.
We identify the normal bundle ⊥ with the tangent bundle using 2:
ϕ = 2| ⊥ :
⊥ →
ξ 7→ 2ξ
Then the second fundamental form of is identified with the tensor field
= 2 ◦ ∈ ⊗ 2 ∗
and the normal connection ∇⊥ on ⊥ is identified with a linear connection ∇ =
2 ◦ ∇⊥ ◦ −12 on .
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We will call the shape tensor of the Ka¨hler submanifold .
Note that depends on the adapted basis ( α) and it is defined only locally. If
( ′α) is another adapted basis and ′2 = cos θ 2+sin θ 3 then the shape tensor transforms
as
7→ ′ = cos θ + sin θ ◦
Lemma 2.1. One has:
(1) For any ∈ the endomorphism of is symmetric and = ϕ−1 =
− 2 where ξ is the shape operator, defined in (1.5).
(Note that 2ξ = ξ ∀ ξ ∈ ⊥ .)
(2) ∇ = ∇ − ω( ) ∈ .
(3) The curvature of the connection ∇ is given by
= − ω( )
(4) { } = ◦ + ◦ = 0 and, hence, tr = ∑2 = 0, where ( ) is
an orthonormal basis of .
(5) The tensors ◦ defined by
( ) = ( ) ( ◦ )( ) = ( )
are symmetric, i.e. ◦ ∈ 3 ∗ .
Proof. (1) Using (2.1) and (2.2), for any ∈ one has
〈 〉 = −〈 ( ) 2 〉 = 〈∇˜ ( 2 ) 〉
= 〈 2∇˜ 〉 = −〈∇˜ 2 〉 = −〈 ( ) 2 〉
= 〈 〉
Moreover
〈− 2 〉 = −〈 ( ) 2 〉 = 〈 2 ( ) 〉 = 〈 〉
= 〈 〉
This proves (1).
(2) We have
〈∇ 〉 = 〈 2 ◦ ∇⊥ ◦ ( −12 ) 〉 = 〈∇⊥( 2 ) 2 〉 = 〈∇˜ ( 2 ) 2 〉
= 〈ω( ) 3 2 〉 + 〈 2(∇ + ( )) 2 〉
= 〈−ω( ) 1 〉 + 〈∇ 〉
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(3) = [∇ − ω( ) ∇ − ω( ) ]−∇[ ] + ω([ ])
= − { · ω( )− · ω( )− ω([ ])} = − ω( )
(4) By using (1.10) we have
= 2 ( ) = 2 1 ( ) = − 1 2 ( ) = −
(5) The first statement follows from (1). Using (4) we prove the second one:
◦ ( ) = ( ) = 〈 〉 = 〈 ( ) 〉
= −〈 〉 = 〈 〉 = 〈 〉 = 〈 〉
= ◦ ( )
We denote by ∇′ the linear connection in a tensor bundle which is a tensor prod-
uct of a tangent tensor bundle of and a normal tensor bundle defined by ∇ and
∇⊥. For example, if is a section of the bundle ⊥ ⊗ 2 ∗ then
(∇′ )( ) = ∇⊥( ( ))− (∇ )− ( ∇ )
Then using (2) of Lemma 2.1, we get the following expression for the covariant
derivative of the second fundamental form.
(2.3) 2(∇
′ )( ) = (∇ ) − ω( ) ◦
= (∇ )( ) + 2ω( ) ◦
Denote by
= { ∈ End { } = 0 ( ) = ( )}
the bundle of symmetric endomorphisms of , which anticommute with and by
(1)
= { ∈ Hom( ) = ∗ ⊗ = }
its first prolongation. Then conditions (4), (5) can be reformulated as follows.
Corollary 2.2. The tensor = 2 belongs to the space (1) and its covariant
derivative is given by
∇ = 2∇′ + ω( ) ◦
2.2. Gauss-Codazzi equations Let be a submanifold of a Riemannian man-
ifold ˜ and
˜ = + ⊥ + ⊥ + ⊥⊥
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the decomposition of the curvature operator ˜ ∈ of the manifold ˜ ac-
cording to the decomposition
End( ˜ ) = End( ) + Hom( ⊥ ) + Hom( ⊥ ) + End( ⊥ )
Using (1.5) and calculating the curvature operator ˜ = [∇˜ ∇˜ ] − ∇˜[ ] of the
connection ∇˜, we get the following Gauss-Codazzi equations:
⊤⊤
= − + (⊤⊤)
= −∑ ξ ∧ ξ
⊥⊥ξ = ⊥ ξ −∑ 〈 [ ξ ξ] 〉ξ (⊥⊥)
⊤⊥ξ = −(∇ ξ − ∇⊥ξ) + (∇ ξ − ∇⊥ξ) (⊤⊥)
⊥⊤
= (∇′ )( )− (∇′ )( ) (⊥⊤)
where ξ is an orthonormal basis of ⊥ , ∈ , ξ ∈ ⊥ , , ⊥ are the
curvature tensors of the connections ∇, ∇⊥. (We identify a bivector ∧ with the
skew-symmetric operator 7→ 〈 〉 − 〈 〉 .) Recall that ∇′ is the connection
in ⊥ ⊗ 2 induced by ∇⊥ and ∇.
DEFINITION 2.3. Let be a submanifold of a Riemannian manifold ˜ . Then
(1) is called curvature invariant if
˜ ∈ ∀ ∈
or equivalently,
⊤⊥
=
⊥⊤
= 0
(2) ([15]) is called strongly curvature invariant if it is curvature invariant and
moreover
˜
ξηζ ∈ ⊥ ∀ ξ η ζ ∈ ⊥
(3) is called parallel if the second fundamental form is parallel: ∇′ = 0.
Let us recall the following known result.
Proposition 2.4. A parallel submanifold of a locally symmetric manifold ˜
is curvature invariant and locally symmetric.
Proof. First statement follows from (⊥⊤). The second statement follows by co-
variant derivation of (⊤⊤) and remark that ∇ = 0 since ∇˜˜ = ⊥⊤ = 0, see also
the formula (2.5.1) below.
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2.2.1. Gauss-Codazzi equations for a Ka¨hler submanifold By specifying the
previous formulas to the totally complex submanifold 2 ⊂ ˜ 4 of a quaternionic
Ka¨hler manifold and using Lemma 2.1 and (2.3) we get the following Proposition.
Proposition 2.5. The Gauss-Codazzi equations for a maximal totally complex
submanifold ( 2 ) of a quaternionic Ka¨hler manifold ( ˜ 4 ˜) can be written
as
(1) = − [ ]
(2) 2 ⊥⊥ −12 = − [ ] = − [ ]− ω( )
(3) 2 ⊥ = −
where ( α) is an adapted basis of ( 2 ), = 2 is the shape operator and :=
(∇ ) − ω( ) ◦
Note that ⊥ 2 is the adjoint of 2 ⊥ .
Corollary 2.6. The Ricci tensor Ric of the Ka¨hler submanifold 2 ⊂ ˜ 4 is
given by
Ric = Ric( )− tr 〈 〉 = Ric( )−
〈∑
2 · ·
〉
or, more precisely,
Ric ( ) = Ric( )( )−
2∑
=1
〈 〉 ∈
where Ric( ) is the Ricci tensor of the tangential part of ˜ , that is,
Ric( )( ) = tr( 7→ ) and ( ) = 1 . . . 2 is an orthonormal basis
of . In particular, the Ricci curvature Ric ( ) of in the direction of a unit
vector ∈ is not bigger then Ric( )( ). If Ric( ) ≤ 0 then ≤ 0.
Proof. It is a straightforward consequence of (1) above and Lemma 2.1(4).
Corollary 2.7. Let ˜ 4 be a quaternionic Ka¨hler manifold of non positive sec-
tional curvature. Then any totally complex submanifold 2 of ˜ 4 has non positive
Ricci curvature. Moreover the second fundamental form of 2 vanishes at any point
where the Ricci curvature of 2 vanishes.
Proposition 2.8. Let 2 be a Ka¨hler submanifold of a quaternionic Ka¨hler
manifold ˜ 4 . Then
(1) 2 is parallel if and only if := (∇ ) − ω( ) ◦ = 0;
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(2) 2 is curvature invariant if and only if the tensor belongs to the second
prolongation (2) of the space , where
(2)
= { ∈ Hom( (1)) = }
Then 2 is strongly curvature invariant.
Proof. 1) follows from (2.3). First statement of 2) follows from (3) of Proposi-
tion 2.5. The last statement follows from the general identity for the curvature tensor˜ of ˜ 4 :
〈˜( 2 2 ) 2 2 〉 = 〈˜( ) 〉 ∀ ∈ ˜
and remark that 2 = ⊥ ∀ ∈
Proposition 2.9. For a Ka¨hler submanifold 2 of a quaternionic Ka¨hler
manifold ˜ 4 , the second Gauss-Codazzi equation follows from the first.
Proof. For any ∈ , by using (1.4), one has:
〈 2 ⊥⊥ 2 〉 = 〈 2˜ 2 〉
= −〈˜ 〉 − ν〈 ( ) 1 + 3( ) 3 〉
= −〈 〉 − ν〈 ( ) 1 〉
that is,
(2.4) ⊥⊥ = 2 −12 − ν ( ) 1
Moreover ω( ) = −ν ( ).
2.3. Maximal Ka¨hler submanifolds of a quaternionic symmetric space Now
we assume that the quaternionic Ka¨hler manifold ˜ 4 is a (locally) symmetric mani-
fold, i.e. ∇˜˜ = 0.
Proposition 2.10. Let 2 be a Ka¨hler submanifold of a quaternionic locally
symmetric space ˜ 4 . Then the covariant derivatives of the tangential part , the
normal part ⊥⊥ and mixed part ⊥ of the curvature tensor ˜| can be expressed
in terms of these tensors and the shape operator = 2 ◦ as follows:
(2.5.1)
〈(∇ )( ) 〉 = −〈 ⊥ ( ) 2 〉 + 〈 ⊥ ( ) 2 〉
−[〈 2 ⊥ ( ) 〉 + 〈 ⊥ ( ) 2 〉],
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(∇′ ⊥ )( ) = 2 ( ) − ⊥⊥( ) 2
− [˜( 2 ) + ˜( 2 ) ]⊥
= 2 ( ) − 2 ( ) + ν ( ) 3
− [˜( 2 ) + ˜( 2 ) ]⊥(2.5.2)
(2.5.3) (∇
′ ⊥)( )ξ = −[˜( 2 )ξ + ˜( 2 )ξ]
− ( ) 2ξ + 2 ⊥⊥( )ξ
(2.5.4)
〈(∇′ ⊥⊥)( ) 2 2 〉 = 〈 ⊥ ( ) 2 〉 − 〈 ⊥ ( ) 2 〉
+〈 ⊥ ( ) 2 〉 + 〈 ⊥( ) 2 〉
for any ∈ ξ ∈ ⊥ .
Proof. For ∈ we have the decomposition ˜( ) = ( ) +
⊥ ( ) . Then it follows
0 = (∇˜ ˜)( ) =(∇ )( ) + (∇′ ⊥ )( )
+ ( ( ) )− ⊥ ( )
− [˜( ( ) ) + ˜( ( )) + ˜( ) ( )]
By taking the tangential and the normal part of the equation, we get
(∇ )( ) = ⊥ ( )(a)
− [˜( 2 ) + ˜( 2 ) + ˜( ) 2 ]
(∇′ ⊥ )( ) = 2 ( )(b)
− [˜( 2 ) + ˜( 2 ) + ˜( ) 2 ]⊥
The scalar product of (a) with gives
〈(∇ )( ) 〉 = −〈 ⊥ ( ) 2 〉
− [〈˜( 2 ) 〉 + 〈˜( 2 ) 〉 + 〈˜( ) 2 〉]
Now we take into account that for any tangent vectors ∈ one has
〈 2 ⊥ ( ) 〉 = 〈˜( 2 ) 〉. In fact, let us recall the identity
[˜( ) 2] = ν(〈 1 〉 3 − 〈 3 〉 1)
Then one has, for example,
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〈˜( 2 ) 〉 = 〈˜( ) 2 〉
= 〈 2˜( ) 〉 + ν〈 1 〉〈 3 〉
= 〈 2˜( ) 〉 = 〈 2 ⊥ ( ) 〉
Hence (2.5.1) follows.
The first equality in (2.5.2) coincides with (b). To get the second equality it is
sufficient to use (1.4).
The other two identities are proved analogously, as follows. We have
0 = (∇˜ ˜)( )ξ = (∇′ ) ⊥( )ξ + (∇′ ⊥⊥)( )ξ
+ ˜( 2 )ξ + ˜( 2 )ξ + ˜( ) 2ξ
+ ( ⊥( )ξ)− ⊥⊥( )ξ
Hence, by passing to the tangential and normal part, we get
(∇′ ⊥)( )ξ =− [˜( 2 )ξ + ˜( 2 )ξ](c)
− ( ) 2ξ + 2 ⊥⊥( )ξ
(∇′ ⊥⊥)( )ξ =− [˜( 2 )ξ + ˜( 2 )ξ]⊥(d)
− ⊥ ( ) 2ξ + 2 ⊥( )ξ
(c) is (2.5.3). If we take ξ = 2 , η = 2 then (d) is equivalent to the identity
〈(∇′ ⊥⊥)( ) 2 2 〉 =− 〈 ( ) 2 〉 − 〈 ( ) 2 〉
− 〈 ⊥ ( ) 2ξ 2 〉 + 〈 ⊥( )ξ 〉
that is (2.5.4).
By (2.5.1) we get immediately the following result.
Proposition 2.11. If the Ka¨hler submanifold 2 ⊂ ˜ 4 is curvature invariant,
i.e. ⊥ = 0, then the tensor field is parallel,
∇ = 0
and satisfies the identity
(2.6) − ( ) + ( ) + ν ( ) 1
=
[
2(˜( 2 ) + ˜( 2 ))]
where ( ) denotes the End( ) component of an endomorphism of ˜ .
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Denote by [ ] the End( )-valued two-form, given by
[ ]( ) = [ ] ∀ ∈
(One can easily check that it is globally defined on .)
For a subspace G ⊂ End( ) we define the space R(G) of the curvature tensors
of type G by
R(G) = { ∈ G ⊗ 2 ∗ | cycl ( ) = 0 ∀ ∈ }
where cycl is the sum of cyclic permutations of .
As another corollary of Proposition 2.10 and Proposition 2.5 1) we have the fol-
lowing result.
Proposition 2.12. Under the assumptions of Proposition 2.11 the tensor field
[ ] = − belongs to the space R(u ) and satisfies the second Bianchi iden-
tities:
cycl∇ [ ] = 0
Proof. The tensor [ ] satisfies the first Bianchi identity since and do
it. Since [ ] commutes with and it is skew-symmetric with respect to the met-
ric , the tensor [ ] belongs to the space R(u ) of the u −curvature tensors. The
last statement follows from remark that ∇ = 0 and that satisfies the second
Bianchi identity.
As another corollary of Proposition 2.10 we get the following result.
Proposition 2.13. A maximal Ka¨hler submanifold 2 of a locally symmetric
quaternionic Ka¨hler manifold ˜ 4 is locally symmetric (that is ∇ = 0) if and only
if the following identity holds:
(2.7) 〈∇ [ ] 〉 = 〈
⊥ ( ) 2 〉 − 〈 ⊥ ( ) 2 〉
+[〈 2 ⊥ ( ) 〉 + 〈 ⊥ ( ) 2 〉]
If, moreover, is curvature invariant then (2.7) reduces to the condition that the ten-
sor field [ ] is parallel (∇[ ] = 0).
Proof. The proof follows directly from the Gauss-Codazzi equations, see Propo-
sition 2.5(1), and (2.5.1).
2.4. Maximal totally complex submanifolds of quaternionic space forms
Now we assume that ( ˜ 4 ˜) is a non flat quaternionic space form, i.e. a quater-
nionic Ka¨hler manifold which is locally isometric to the quaternionic projective space
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H or the dual quaternionic hyperbolic space H with standard metric of reduced
scalar curvature ν. Recall that the curvature tensor of ( ˜ 4 ˜) is given by ˜ =
ν H where
H ( ) = 14
(
∧ +
∑
α
α ∧ α −
∑
α
2〈 α 〉 α
)
We denote by C the curvature tensor of the complex projective space C (nor-
malized such that the holomorphic curvature is equal to 1):
C ( ) = 14
(
∧ + ∧ − 2〈 〉
)
Proposition 2.14. Let ( 2 ) be a totally complex submanifold of the
quaternionic space form ˜ 4 . Then:
(1) = ν( C ) = (ν/4)( ∧ + 1 ∧ 1 − 2〈 1 〉 1).
(2) Ric( ) = (ν/2)( + 1) = |˜ .
(3) ⊥ = ⊥ = 0.
(4) ⊥⊥ = (ν/4)( 2 ∧ 2 + 3 ∧ 3 − 2〈 1 〉 1).
Proof. It is a straightforward verification.
As a consequence of Corollary 2.6 and Proposition 2.14 we get
Proposition 2.15. Let 2 be a Ka¨hler submanifold of a quaternionic space
form ˜ 4 with reduced scalar curvature ν. Then
Ric ( ) = ν
2
( + 1) ( )− tr 2 ≤ ν
2
( + 1) ( ) ∈
Moreover the second fundamental form of at point ∈ vanishes if and only
if (Ric ) = (ν/2)( + 1) . In particular is a totally complex totally geodesic sub-
manifold if and only if
Ric = ν
2
( + 1)
From Proposition 2.13 we get
Proposition 2.16. A maximal Ka¨hler submanifold ( 2 ) of a non flat
quaternionic space form is locally symmetric if and only if the tensor field [ ] is
parallel. In particular, any maximal Ka¨hler submanifold with parallel second funda-
mental form is (locally) symmetric.
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Proof. It is sufficient to prove only the last statement. Assume that ∇′ = 0.
Then ∇ = ω( ) and
∇ [ ] = [∇ ] + [ ∇ ]
= ω( )
(
[ ] + [ ]
)
= 0
since anticommute with .
Conjecture. let ( 2 ) be a Ka¨hler manifold. Any tensor field ∈ (1)
which satisfies conditions
1) ν( C ) = − [ ]
and
2) (∇ ) − ω( ) ◦ ∈ (2)
where ω is a 1-form such that ω = −ν , defines a totally complex embedding in
H .
3. Classification of parallel Ka¨hler submanifolds M2n of M˜4n
3.1. The parallel cubic line bundle We will assume that ˜ 4 is a quaternionic
Ka¨hler manifold with the reduced scalar curvature ν 6= 0 and ( 2 ) is a parallel
totally complex submanifold of ˜ , that is ∇′ = 0 or, equivalently,
(3.1) := (∇ ) − ω( ) ◦ = 0 ∈
We will assume that is not a totally geodesic submanifold, i.e. 6= 0.
By Proposition 2.8 is a curvature invariant submanifold ( ⊥ = 0). We denote
by C = 1 0 + 0 1 the decomposition of the complexified tangent bundle into
holomorphic and antiholomorphic parts and by ∗C = ∗1 0 + ∗0 1 the dual
decomposition of the cotangent bundle.
Denote by (1)C the complexification of the bundle (1) (see Corollary 2.2) and by
◦ (1)C the associated subbundle of the bundle 3( ∗ )C. We will call 3( ∗ )C the
bundle of cubic forms.
Proposition 3.1. Let ( 2 ) be a parallel Ka¨hler submanifold of a quater-
nionic Ka¨hler manifold ˜ 4 with ν 6= 0. If it is not totally geodesic then on there
is a canonically defined parallel complex line subbundle of the bundle 3( ∗1 0 )
of holomorphic cubic forms such that the curvature of the connection ∇ induced by
the Levi-Civita connection ∇ has the curvature form
(3.2) = ν
890 D.V. ALEKSEEVSKY AND S. MARCHIAFAVA
where = ◦ is the Ka¨hler form of .
Proof. We first prove the following lemma.
Lemma 3.2. ◦ (1)C = 3 ∗1 0 + 3 ∗0 1 .
Proof. Since | 1 0 = and | 0 1 = − , the space of complex endomor-
phisms of C which anticommute with is
Hom( 1 0 0 1 ) + Hom( 0 1 1 0 )
Hence the space ◦ C of symmetric bilinear forms, associated with C is
◦ C = 2( ∗1 0 ) + 2( ∗0 1 )
which proves the lemma.
Using Lemma 3.2 we can decompose the cubic form ∈ ◦ (1) associated with
the shape operator = 2 into holomorphic and antiholomorphic parts:
= + ∈ 3 ∗1 0 + 3 ∗0 1
Since, by assumption,
∇ = ω( ) ◦
we have
∇ = ∇ = ∇ +∇ ¯ = ω( ) ( ◦ )
For ∈ 1 0 , we get
∇ ( )( ) = ω( ) ( ( )) = − ω( ) ( )
since ( ) ∈ 0 1 and ( ) = − ( ). This shows that
(3.3) ∇ = − ω( )
Using (2.3), one check that under the changing of adapted basis ( α) → ( ′α) with
′
2 = cos θ 2 − sin θ 3
the cubic form changes by
→ ′ = (cos θ − sin θ )
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Note also that the cubic form 6= 0 at any point, since by assumption the second
fundamental form is parallel and not zero. These show that the complex line bundle
= spanC( ) ⊂ 3 ∗1 0 is globally defined and parallel, i.e. the Levi-Civita connec-
tion ∇ preserves and defines a connection ∇ in . Using (3.3), we calculate the
curvature of ∇ as follows:
( ) =
(
[∇ ∇ ]−∇[ ]
)
=
(
[∇ ∇ ]−∇[ ]
)
= −∇
(
ω( )
)
+∇
(
ω( )
)
+ ω([ ])
= − ω( ) = ν ( )
This proves Proposition 3.1.
DEFINITION 3.3. A parallel subbundle ⊂ 3( ∗1 0 ) with the curvature form
(3.2) on a Ka¨hler manifold is called a parallel cubic line bundle of type ν.
Corollary 3.4. A parallel maximal Ka¨hler not totally geodesic submanifold of
a quaternionic Ka¨hler manifold ˜ with ν 6= 0 has a parallel cubic line bundle of
type ν.
3.2. de Rham decomposition of Ka¨hler manifolds with parallel cubic line
bundle Let be a complete simply connected Ka¨hler manifold with the de Rham
decomposition
(3.4) = 0 × 1 × · · · ×
into product of the flat Ka¨hler manifold 0 and of the irreducible Ka¨hler manifolds
= 1 . . . .
We will assume that admits a parallel cubic line bundle of type ν 6= 0.
Lemma 3.5. Assume that admits a parallel cubic line bundle of type ν 6= 0.
Then there is no flat factor 0 in (3.4).
Proof. If 0 exists, for a non zero ∈ 0, using (3.2), we get 0 = =
= ν ( ) 6= 0. Contradiction.
Denote by h = h1 + · · · + h the direct sum decomposition of the holonomy Lie
algebra h at a point ∈ associated to the de Rham decomposition. Then the com-
mutator h′ = [h h] is a semisimple Lie algebra with the direct sum decomposition
h′ = h′1 + · · · + h′ h′ = [h h ]
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REMARK 3.6. The subalgebra h′ = 0 if dimR = 2 and h′ acts irreducibly on the
holomorphic tangent space 1 0 if dimR > 2. (See the Table 1 below.)
Let = 1 0 = 1 + · · · + be the decomposition of the holomorphic tangent
space associated to the de Rham decomposition. Then the space 3 ∗ of cubic forms
on has h-invariant decomposition
(3.5) 3 ∗ =
∑
=1
∗ ∗ ∗
where for simplicity ∗ ∗ ∗ denotes the symmetric tensor product and the subalge-
bra h acts non trivially only on ∗.
Remark that if is a parallel line bundle the commutator h′ acts trivially on its
fiber ⊂ 3 ∗, that is,
(3.6) ⊂ ( 3 ∗)h′
where we always denote by h the subspace of h-invariant vectors of an h-module
. Denote by =
∑ ∈ ∗ ∗ ∗ the decomposition of a non zero element
∈ .
Lemma 3.7. If 6= 0, then the set { } contains all indexes {1 . . . }.
Proof. Assume that /∈ { } and take vectors ∈ such that
( ) = 1. Since the curvature operator acts trivially on and pre-
serves the decomposition (3.4) this contradicts to the identity (3.2).
Corollary 3.8. 1) ≤ 3.
2) If = 3, then ⊂ ∗1 ∗2 ∗3 and dimC = 1 = 1 2 3.
3) If = 2, then ⊂ ∗21 ∗2 + ∗1 ∗22 and one of the spaces 1 2 has dimension
1.
Proof. It is sufficient to prove statement about dimension. Let = 3, then
⊂ ( ∗1 ∗2 ∗3 )h
′
= ( ∗1 )h
′
1 ( ∗2 )h
′
2 ( ∗3 )h
′
3 6= 0
By Remark 3.6 ( ∗)h′ 6= 0 if and only if dimC = 1 and hence h′ = 0. The proof in
case = 2 is similar.
This implies the following proposition.
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Proposition 3.9. Let be a simply connected complete Ka¨hler manifold with
parallel cubic line bundle of type ν 6= 0. If is reducible, then either
(3.7.1) = 1 × 2 × 3 dimR = 2 ( = 1 2 3)
or
(3.7.2) = 1 × 2
where 1 is an irreducible Ka¨hler manifold and dimR 2 = 2.
The following Proposition specifies the structure of such a reducible manifold .
Proposition 3.10. Let be a simply connected, complete, reducible Ka¨hler
manifold with parallel cubic line bundle of type ν 6= 0. Then either
(3.8.1) = 2ν × 2ν × 2ν
where 2ν(= C 1 or C 1) is the 2-dimensional manifold of constant curvature ν, or
(3.8.2) = 1 × 2ν
where 1 is a complete simply connected irreducible Ka¨hler-Einstein manifold with
Ric 1 = ν( /2) (1), where dim 1 = 2 , such that
( 2 ∗)h′1 6= 0
where h′1 is the commutator of the holonomy Lie algebra h1 of 1 at a point ∈ 1
and = 1 0 1.
Conversely, any manifold given by (3.8.1) or (3.8.2) has a parallel cubic line
bundle of type ν.
Proof. First we consider the case (3.8.1). Denote by ( ) ( ) ( ) = ( ) ◦ ( ) re-
spectively the metric, the complex structure and the Ka¨hler form of the de Rham fac-
tor of , = 1 2 3. Then =
∑
( ) and =
∑
( ). Denote by a ba-
sis of the holomorphic cotangent space ∗1 0 ∼= C at ∈ . Then at the point
= ( 1 2 3) the fiber of the line bundle is given by = C = 1 2 3. The
curvature operator ( ) ∈ of is given by
( )
= − ( ) ( )( ) ( ) = − ( ) ( ) ( ) = 1 2 3
where ( ) is the curvature of . Using this, we obtain from (3.2)
=
( ) ( 1 2 3) = − ( ) ( ) ( )( 1 2 3)
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= − ( ) ( )( ( ) )( ) = ( ) ( )
= ν ( )
where = 1 2 3 and ( ) is a cyclic permutation of (1 2 3). Hence, ( ) = ν =
and = 2ν . Conversely it is clear that (3.8.1) has parallel cubic line bundle
of type ν generated by = 1 2 3.
Now we consider the case (3.8.2). We will assume that dimR 1 > 2. (The case
dimR 1 = dimR 2 = 2 can be treated similarly.) Then Corollary 3.8 3) shows that at
any point ∈ the fiber = C = C( 2) where 2 is a basis of the holomorphic
cotangent space ∗1 0 2 ∼= C and ∈ ( 2 ∗)h′ is an h′-invariant symmetric bilinear
form on 1 = 1 0 1. The same calculation as before shows that (3.2) is equivalent to
the following conditions
(1) the curvature (2) of 2 is equal to ν (2) = ν
(2) (1) = −(ν/2) ( ) (1) + ′(1)
where (1) is the curvature operator of 1 and ′(1) is its projection on h′1 =
[h1 h1]. Now, since 2 Ric 1 ( (1) ) = − tr (1) (1) = −(ν/2) ( )(2 ) where
2 = dimR 1, the condition (2) is equivalent to the condition
(2’) Ric 1 = ν( /2) (1)
The converse statement is clear now.
REMARK 3.11. The above proof still works if we drop the assumption of com-
pleteness and leads to the conclusion that will be locally isomorphic to (3.8.1) or
(3.8.2).
The next proposition gives necessary and sufficient conditions for an irreducible
Ka¨hler manifold to admit a parallel cubic line bundle of type ν 6= 0.
Proposition 3.12. A complete simply connected irreducible Ka¨hler manifold 2
with holonomy Lie algebra h at a point admits a parallel cubic line bundle of type
ν if and only if it is Ka¨hler-Einstein with
(3.9) Ric = ν3
and
( 3 ∗)h′ 6= 0
where = 1 0 is the holomorphic tangent space with the natural action of the Lie
algebra h′ = [h h].
Proof. The proof is similar to the reducible case. The condition ( 3 ∗)h′ 6= 0
is equivalent to the existence of a parallel cubic line bundle ⊂ 3 ∗1 0 (which
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Table 1.
List of holonomy of irreducible Ka¨hler manifolds 2
0 h′ = [h h] 1 0 = dimC
1 ( × ) sup + suq (π1)⊗ (π1) +( × ) = Gr (C + )
2 2 · som (π1) = C 2+2· = Gr2(R2+ )
3 +1 sul+1 (2π1) = 2C +1 +1
+1
( +1)( +2)
2
4 +1 sul+1 (π2) = 2C +1 2( +1)
+1
( +1)
2
5 2 · 10 so10 (π5) = C16 6Spin10 · 2 16
6 1 · 6 e6 (π1) = C27 71· 6 27
7∗ +1 sul+1 (π1) = C +1 +2
+1
= C +1 + 1
8∗ +1 sul+1 (π1) = C +1 −−− + 1
9∗ spl (π1) = C2 −−− 2
We indicate by ∗ the groups which are holonomy groups of non-symmetric irreducible Ka¨hler
manifolds.
is obtained by parallel translation of the line = C , 0 6= ∈ ( 3 ∗)h′ ) and the
Ka¨hler-Einstein condition means that the curvature of the induced connection ∇
satisfies (3.2).
Propositions 3.10 and 3.12 reduce the classification of Ka¨hler manifolds with pa-
rallel cubic line bundle to the determination of the irreducible holonomy Lie algebras
h of Ka¨hler manifolds such that the representation of h′ = [h h] in the holomorphic
tangent space = 1 0 has non trivial invariant quadratic or cubic form, i.e. such
that
2( ∗)h′ 6= 0 or 3( ∗)h′ 6= 0
We give such description in the next subsection.
3.3. Quadratic and cubic invariants of the holonomy representation h′ on
V = T1 0x M In the previous Table 1 we give the list of all irreducible holonomy
groups of simply connected Ka¨hler manifolds . We indicate also the semisimple
part h′ of the holonomy Lie algebra h = Lie( ) and its representation in the holomor-
phic tangent space = 1 0 and the compact Hermitian symmetric space / with
holonomy group if it exists.
For h′-modules we use notations according to [17] and denote by π1 . . . π the
fundamental weights associated with simple roots α1 . . . α of the Lie algebra h′. We
denote by (λ) the irreducible h′-module with highest weight λ. In particular (π1) is
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the simplest representation of a simple Lie algebra h′.
The following proposition describes all irreducible Ka¨hler manifolds which admit
a parallel quadratic or cubic line bundle.
Proposition 3.13. Let be a simply connected compact irreducible Ka¨hler
manifold with holonomy Lie algebra h such that the semisimple part h′ = [h h] has
a non trivial quadratic or cubic invariant, i.e. 2( ∗)h′ 6= 0 or 3( ∗)h′ 6= 0, where
=
1 0
. Then is one of the following Hermitian symmetric spaces from Table
1.
I. 2( ∗)h′ 6= 0
01 ( = = 2) 8 = Gr2(C4) = 4( 2 × 2)
= C2 ⊗ C2 = Mat2(C) is the h′ = (su2 + su2)-module with the action
h′ ∋ ( ) : → + ;
2( ∗)h′ = C ( ) = det
02 2 = Gr2( +2) = 2+
2 ×
= C is the standard h′ = so -module;
2( ∗)h′ = C where is the complex Euclidean metric.
REMARK. It is known that Gr2(C4) ∼= Gr2(R6).
03 ( = 1) 6 = 2
2
=
2C2 = MatSym2 (C) is the h′ = su2-module with the action
h′ ∋ : 7→ + ;
2( ∗)h′ = C ( ) = det
II. 3( ∗)h′ 6= 0
01 ( = = 3) 18 = Gr3(C6) = 6( 3 × 3)
= C3 ⊗ C3 = Mat3(C) is the h′ = su3 + su3-module with the action
h′ ∋ ( ) : 7→ + ;
3( ∗)h′ = C ( ) = det
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03 ( = 2) 12 = 3
3
=
2C3 = MatSym3 (C) is h′ = su3-module with the action
h′ ∋ : 7→ + ;
3( ∗)h′ = C ( ) = det
04 ( = 5) 30 = 12
6
=
2C6 = Matskew6 (C) is h′ = su6-module with the action
h′ ∋ : 7→ + ;
3( ∗)h′ = C ( ) = pfaffian of
06 54 = 71 · 6
= C27 = Herm3(O) (Hermitian matrices of order 3 over the octonians) is a
h′ = e6-module (see [17]);
3( ∗)h′ = C ( ) = det( )
Proof. Using criterion for existence of a symmetric bilinear invariant for an irre-
ducible representation (λ) of a semisimple Lie algebra h′ (see [17], pp. 195–196) we
get that only the following Lie algebras h′ from Table 1 have such invariant:
1) for = = 2 2) 3) for = 1
Now the proof is straightforward. To prove the second statement, we remark that for
any two irreducible h′-modules we have ( ⊗ )h′ = Hom( ∗ )h′ . In particular,
if 3( ∗)h′ 6= 0 then
0 6= ( ∗ ⊗ 2 ∗)h′ = Hom( 2 ∗)h′
This implies that the h′-module 2 ∗ has an irreducible submodule isomorphic to .
The decomposition of 2 ∗ into irreducible submodules for all h′-modules from Ta-
ble 1 is described in [17]. They are the following:
1) = (π1)⊗ (π1) ∗ = (π −1)⊗ (π −1) 2( ∗) = (2π −1)⊗
(2π −1) + (π −2)⊗ (π −2) ;
⊂ 2 ∗ ⇔ = = 3
2) = (π1) = ∗ 2( ∗) = (2π1) + C ( is the Euclidean metric)
* 2 ∗
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3) = (2π1) ∗ = (2π ) 2( ∗) = (4π ) + (2π −1)
⊂ 2 ∗ ⇔ = 2
4) = (π2) ∗ = (π −1) 2( ∗) = (2π −1) + (π −3)
⊂ 2( ∗) ⇔ = 5
5) = (π5) ∗ = (π4); 2( ∗) = (2π4) + (π1)
* 2( ∗)
6) = (π1) ∗ = (π5); 2( ∗) = (2π5) + (π1)
⊂ 2( ∗)
7− 8) = (π1) ∗ = (π ) 2( ∗) = (2π )
* 2( ∗)
9) = (π1) = ∗ 2( ∗) = (2π1)
* 2 ∗.
It follows that ⊂ 2( ∗) only in the cases:
1) = = 3 3) = 2 4) = 5 6)
We can easily describe the cubic invariant in all these cases as it was stated in the
proposition.
Propositions 3.10, 3.12, 3.13 imply the following theorem.
Theorem 3.14. Let 2 be a simply connected complete Ka¨hler manifold which
admits a parallel cubic line bundle of type ν 6= 0.
If ν > 0 then 2 is one of the Hermitian symmetric spaces described in Table 2,
where also the representation of the semisimple part h′ of the holonomy Lie algebra h
of on the holomorphic tangent space = 1 0 is given as well as the description
of the fiber of line bundle . The metric of irreducible 2 is normalized such that
the scalar curvature = 2/3ν 2. The metric of := C 1 = 2/ 1 has constant
curvature ν. If = 2( −1)1 ×C 1 then the metric of 1 is normalized such that the
scalar curvature 1 = ν( − 1)2.
If ν < 0 then 2 is the (non compact) dual space of one of the symmetric spaces
of Table 2.
3.4. Classification of parallel totally complex not totally geodesic submani-
folds M2n of a quaternionic Ka¨hler manifold M˜4n Let 2 be a parallel totally
complex not totally geodesic submanifold of a quaternionic Ka¨hler manifold ˜ 4 with
the reduced scalar curvature ν 6= 0. Then by Theorem 1.8 is Ka¨hler and by Propo-
sition 3.1 and Corollary 3.4 it has a canonically defined parallel cubic line bundle of
type ν. By applying Theorem 3.14 we get the following theorem.
Theorem 3.15. Let 2 be a simply connected complete parallel totally complex
not totally geodesic submanifold of a quaternionic Ka¨hler manifold ˜ 4 with reduced
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Table 2.
List of simply connected Ka¨hler manifolds 2
with parallel cubic line bundle of type ν > 0
Case of reducible 2
0 2 h′ 1 0
+1
2· −1
× son−1 + R (π1)⊕ C −1 · 1 0( 1)
1 2 × ′ 0 C⊕ C 2 1 0( ) · 1 0( ′)
2 3 × ′ × ′′ 0 C⊕ C⊕ C 1 0( ) · 1 0( ′) · 1 0( ′′)
3 4 2
2
× su2 2C2 ⊗ C (C det) · C
Case of irreducible 2
0 2 h′ 1 0
4 1 0 C 3C
5 6 3
3
su3 (2π1) = 2 (π1) C det
6 9 6( 3× 3) su3 + su3 (π1)⊗ (π1) C det
7 15 12
6
su6 (π1) = 2 (π1) Cpf
8 27 71· 6 e6
(π1)=C27
=Herm3(O) C det
where ′ ′′ denote copies of C 1 and dot means the symmetric product.
REMARK. 03 of reducible case is isomorphic to 0 for = 4.
scalar curvature ν. Assume that ν > 0. Then 2 is one of the compact Hermitian
symmetric spaces described in Table 2 and the scalar curvature of each factor is de-
scribed as in previous theorem. For ν < 0 the submanifold 2 is one of the dual
symmetric spaces.
Corollary 3.16. Under the hypothesis of the theorem assume that the complex
dimension of the parallel totally complex submanifold 2 ⊂ ˜ 4 is different
from 1, 2, 3, 4, 6, 9, 15, 27. Then is isometric to the compact symmetric space
+1/( 2 · −1)× C 1 or its non compact dual.
Remark that Tsukada constructed the explicit realization of all these manifolds as
parallel totally complex submanifolds in the quaternionic projective space H ([20]).
On the other hand he proved that in dual hyperbolic quaternionic space H ≥ 2,
any parallel totally complex submanifold 2 is totally geodesic (see [20] Th. 7.2).
The problem of realization of these manifolds as parallel totally complex submanifolds
900 D.V. ALEKSEEVSKY AND S. MARCHIAFAVA
in other Wolf spaces is still open. For this purpose let us consider the following re-
sults.
4. Curvature invariant Ka¨hler submanifolds in a quaternionic Ka¨hler sym-
metric space
Let ˜ 4 be a locally symmetric quaternionic Ka¨hler manifold with non zero scalar
curvature, ν 6= 0.
We will prove some result on non existence of non totally geodesic curvature
invariant Ka¨hler submanifold 2 in the manifold ˜ 4 which is not a quaternionic
space form.
We need the following lemma.
Lemma 4.1. On a curvature invariant Ka¨hler submanifold 2 of a locally sym-
metric quaternionic Ka¨hler manifold ˜ 4 the following identity holds:
2〈˜( 2 ) 2 〉 =〈[
( )− ( ) − ν‖ ‖2
] 〉
− ν
(
〈 〉〈 〉 + 〈 〉〈 〉
)
∀ ∈
(4.1)
Proof. By using the usual properties of the curvature tensor of a Riemannian
manifold, the anticommutation property of with any and 2, and finally (1.4)
we have the following identities:
〈˜( 2 ) 2 〉 = 〈˜( 2 ) 2 〉 =
〈˜( 2 ) 2 〉 = −〈˜( 2 ) 2 〉 =
− 〈 ˜( 2 ) 2 〉 + ν(〈 3( 2 ) 22 − 2( 2 ) 3 2 〉) =
− 〈 ˜( 2 ) 2 〉 + ν(〈 〉〈 〉 + 〈 〉〈 〉) =
〈˜( 2 ) 2 〉 + ν(〈 〉〈 〉 + 〈 〉〈 〉)
That is:
〈˜( 2 ) 2 〉 =
〈˜( 2 ) 2 〉 + ν(〈 〉〈 〉 + 〈 〉〈 〉)
On the other hand (2.6) for = is equivalent to the identity
〈˜( 2 ) 2 〉 + 〈˜( 2 ) 2 〉 =〈[
( )− ( ) − ν‖ ‖2
]
2
〉
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Then by substituting the previous identity in this last one (4.1) follows immediately.
Now we prove the following result.
Theorem 4.2. Let 2 > 1, be a curvature invariant, Ka¨hler submanifold of
the locally symmetric quaternionic Ka¨hler manifold ˜ 4 . Assume that 2 has the
holonomy group or . Then
= α C
for some real number α and one of the following possibilities holds.
(1) α 6= ν : then 2 is totally geodesic ( ≡ 0)
(2) α = ν : then for any ∈ 2 one has the identity
〈˜( 2 ) ξ〉 = ν〈 H ( 2 ) ξ〉 ∀ ∈ ξ ∈ ⊥
Moreover, if for some ∈ 2 there exists a vector ∈ such that is non
degenerate, one has ˜ = (ν H ) and ˜ 4 is a quaternionic space form.
Proof. STEP 1. By proposition 2.11 the u -curvature tensor field = −
[ ] ∈ R(u ) is parallel, hence invariant under the holonomy group or . Since
the -invariants in R(u ) are spanned by C , we get
= α C
for some constant α.
STEP 2. The (4.1) becomes
2〈˜( 2 ) 2 〉 = (α− ν)‖ ‖2〈 〉
+
α
2
[
〈 〉〈 〉 + 〈 〉〈 〉
+ 〈 〉〈 〉 + 〈 〉〈 〉
]
−ν
[
〈 〉〈 〉 + 〈 〉〈 〉
]
(4.2)
Let ν 6= α and assume that 6= 0 at a point ∈ 2 . If there exist non zero vectors
∈ such that = 0 and hence
(α− ν)‖ ‖2〈 〉 = 0 ∀ ∈
it implies = 0 ∀ ∈ . Since by exchanging with one gets =
0 ∀ ∈ , that is = 0, there is a contradiction. On the other hand, let be
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non singular for any non zero vector ∈ . Then for any fixed non zero vector
∈ and arbitrary ξ ∈ ⊥ one can compute
(4.3) 2〈˜(ξ ) ξ〉 = (3
2
α− ν
)
‖ ‖2‖ξ‖2 +
(
ν +
α
2
) [
〈 2ξ 〉2 + 〈 2ξ 〉2
]
since ξ can be always written as ξ = 2 for some ∈ . Let us also take into
account that for any ∈ one has
Ric(˜)( ) = Ric( )( ) + 2∑〈˜( 2 ) 2 〉
where ( ) is an orthonormal basis of . That is
Ric(˜)( ) = αRic( C )( ) + 2∑〈˜( 2 ) 2 〉
Moreover one has
Ric( C )( ) = + 12 ‖ ‖
2
Ric(˜)( ) = Ric( H )( ) = ( + 2)‖ ‖2
and, by (4.3),
2
∑
〈˜( 2 ) 2 〉 = [(3 + 1)α− 2( − 1)ν]‖ ‖2
Hence the previous identity reduces to
( + 2)ν‖ ‖2 =
[
α
( + 1
2
)
+
(3 + 1
2
)
α− 2( − 1)
2
ν
]
‖ ‖2
that is α = ν, which gives again a contradiction.
Hence, ν 6= α implies that 2 is totally geodesic. It remains to study the case
ν = α.
STEP 3. In case ν = α one has the identity
〈˜( 2 ) 2 〉 = ν〈 H ( 2 ) 2 〉
It remains to show that in fact if there exist a point ∈ 2 and a vector ∈
such that is non degenerate then the identity obtained by putting instead of
,
〈˜( 2 ) 2 〉 = ν〈 H ( 2 ) 2 〉
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holds. This is easily proved by using the fact that if is non degenerate for some
then this is true for vectors on an open neighbourhood of . Then it follows that
˜ = ν( H )
In this case ˜ 4 , which is assumed to be symmetric, is locally isometric to a quater-
nion space form of reduced scalar curvature ν.
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